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NONCOMMUTATIVE MIXED (ARTIN) MOTIVES
AND THEIR MOTIVIC HOPF DG ALGEBRAS
GONC¸ALO TABUADA
Abstract. This article is the sequel to [27]. We start by developing a theory
of noncommutative (=NC) mixed motives with coefficients in any commutative
ring. In particular, we construct a symmetric monoidal triangulated category
of NC mixed motives, over a base field k, and a full subcategory of NC mixed
Artin motives. Making use of Hochschild homology, we then apply Ayoub’s
weak Tannakian formalism to these motivic categories. In the case of NCmixed
motives, we obtain a motivic Hopf dg algebra, which we describe explicitly in
terms of Hochschild homology and complexes of exact cubes. In the case of
NC mixed Artin motives, we compute the associated Hopf dg algebra using
solely the classical category of mixed Artin-Tate motives. Finally, we establish
a short exact sequence relating the Hopf algebra of continuous functions on
the absolute Galois group with the motivic Hopf dg algebras of the base field
k and of its algebraic closure. Along the way, we describe the behavior of
Ayoub’s weak Tannakian formalism with respect to orbit categories and relate
the category of NC mixed motives with Voevodsky’s category of mixed motives.
1. Introduction
Dg categories. A dg category A, over a base field k, is a category enriched over
complexes of k-vector spaces; see §3.2. Every (dg) k-algebra A gives naturally rise
to a dg category with a single object. Another source of examples is provided by
schemes since the category of perfect complexes perf(X) of every quasi-compact
quasi-separated k-scheme X admits a canonical dg enhancement perfdg(X). Fol-
lowing Kontsevich [21], a dg category A is called smooth if it is compact as a
bimodule over itself and proper if
∑
i dimH
iA(x, y) <∞ for any pair (x, y) of ob-
jects. Examples include the finite dimensional k-algebras of finite global dimension
(when k is perfect) and the dg categories perfdg(X) associated to smooth projec-
tive k-schemes X . In what follows, dgcat(k) denotes the category of (small) dg
categories and dgcatsp(k) the full subcategory of smooth proper dg categories.
Noncommutative Artin motives. Let R be a commutative ring of coefficients.
Recall from [28, 29, 30] the construction of the category of noncommutative numer-
ical motives NNum(k)R and of the symmetric monoidal functor UR : dgcatsp(k)→
NNum(k)R. When R is a Q-algebra, there exists an R-linear symmetric monoidal
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functor ψ making the following diagram commute
(1.0.1) SmProj(k)op
hR

X 7→perfdg(X) // dgcatsp(k)
UR

Num(k)R
ψ
// NNum(k)R ,
where SmProj(k) stands for the category of smooth projective k-schemes and
Num(k)R for the category of numerical motives. The category of noncommutative
Artin motives NAM(k)R was introduced in [27] as the smallest additive idempo-
tent complete full subcategory of NNum(k)R containing the objects UR(l), where
l/k is a finite separable field extension. As proved in loc. cit., the induced func-
tor ψ : AM(k)R → NAM(k)R, from the classical category of Artin motives to the
category of noncommutative Artin motives, is an equivalence of categories.
Motivic Galois groups. As proved in [28], the category NNum(k)R is abelian
semi-simple. Assuming the noncommutative standard conjecture CNC (= Ku¨nneth)
and that k is of characteristic zero, NNum(k)R can be made into a Tannakian
category NNum†(k)R by modification of the symmetry isomorphism constraints.
Moreover, assuming the noncommutative standard conjecture DNC (= homological
equals numerical) and that R is a k-algebra, NNum†(k)R becomes a neutral Tan-
nakian category. Consequently, we obtain a motivic Galois group Gal(NNum†(k)R);
see [30]. As proved in [27], NAM†(k)R = NAM(k)R and when k ⊂ C and R is a
C-algebra, the associated affine group scheme Gal(NAM(k)R) identifies with the
absolute Galois group Gal(k/k). Moreover, we have the short exact sequence
1 −→ Gal(NNum†(k)R) −→ Gal(NNum
†(k)R) −→ Gal(k/k) −→ 1 ,(1.0.2)
where the first map is induced by the inclusion NAM(k)R ⊂ NNum
†(k)R and the
second one by the base-change functor −⊗k k : NNum
†(k)R → NNum
†(k)R.
The purpose of this article is to develop the mixed analogues of the aforemen-
tioned constructions and results. This will require new arguments and new math-
ematical tools which are of independent interest. Since the mixed world is much
richer than the pure work, interesting new phenomena will occur; consult for in-
stance Proposition 2.4 and Theorem 2.7 below.
2. Statement of results
Noncommutative mixed Artin motives. Recall from §4 the construction of
the symmetric monoidal triangulated categories of noncommutative mixed motives
NMix(k;R) and NMix(k;R)⊕, and of the symmetric monoidal functor
UR : dgcatsp(k) −→ NMix(k;R) ⊂ NMix(k;R)
⊕ .
Let DM(k;R) be Voevodsky’s category of motives andMR : SmProj(k)→ DM(k;R)
the associated symmetric monoidal functor. The above bridge (1.0.1), relating the
commutative with the noncommutative world, admits the following mixed analogue:
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Theorem 2.1. When R is a Q-algebra, there exists an R-linear triangulated sym-
metric monoidal functor Ψ making the following diagram commute
(2.0.3) SmProj(k)
MR

X 7→perfdg(X) // dgcatsp(k)
UR

NMix(k;R)⊕
(−)∨

DM(k;R)
Ψ
// NMix(k;R)⊕ ,
where (−)∨ stands for the duality (contravariant) functor. The functor Ψ preserves
moreover arbitrary direct sums.
Remark 2.2. As explained in Remark 4.3 below, we have UR(A)∨ ≃ UR(Aop) for
every smooth proper dg categoryA.. Making use of the Morita equivalence between
perfdg(X)
op and perfdg(X), we hence conclude that Ψ(MR(X)) ≃ UR(perfdg(X))
for every smooth projective k-scheme X .
Theorem 2.1 holds more generally with SmProj(k) replaced by smooth k-schemes;
see §5. Consult also Theorem 5.3 for a factorization of Ψ through an orbit category.
Definition 2.3. The category of noncommutative mixed Artin motives NMAM(k;R)
is defined as the smallest thick triangulated subcategory of NMix(k;R) containing
the objects UR(l), where l/k a finite separable field extension. In the same vein,
let NMAM(k;R)⊕ be the smallest triangulated subcategory of NMix(k;R)⊕ which
contains NMAM(k;R) and is closed under arbitrary direct sums.
As proved in Proposition 4.10, when R is a Q-algebra, the category NAM(k)R
can be identified with the smallest additive idempotent complete full subcategory of
NMAM(k;R) containing the objects UR(l), where l/k is a finite separable extension.
V. Voevodsky remarked in [49, page 217] that, when R is a Q-algebra, the
classical triangulated category of mixed Artin motives MAM(k;R) ⊂ DM(k;R) is
equivalent to the bounded derived category Db(AM(k)R). Since AM(k)R is semi-
simple, MAM(k;R) identifies then with the category GrbZ(AM(k)R) of bounded
Z-graded objects in AM(k)R. In particular, there are no higher Ext-groups. On
the other hand, as explained in Example 4.6, we have the following isomorphisms
(2.0.4) HomNMAM(k;R)(UR(perfdg(X)), UR(perfdg(Y ))[−n]) ≃ Kn(X × Y )R
for any two finite e´tale k-schemes X and Y .
Proposition 2.4. When k is finite, the functor Ψ : MAM(k;R) → NMAM(k;R)
is an equivalence. Consequently, NMAM(k;R) identifies with GrbZ(AM(k)R). On
the other hand, when k is of characteristic zero, we have non-trivial morphisms
HomNMAM(k;R)(UR(k), UR(k)[−1]) ≃ K1(k)R ≃ k
× ⊗Z R 6= 0 .
Consequently, NMAM(k;R) is not equivalent to MAM(k;R).
In contrast with the pure world, Proposition 2.4 shows that when k is of char-
acteristic zero the category of noncommutative mixed Artin motives is much richer
than the classical category of mixed Artin motives. Roughly speaking, NMAM(k;R)
contains not only MAM(k;R) but also all the higher algebraic K-theory groups of
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finite e´tale k-schemes. For example, in the case of a number field F, we have the
following computation (see Borel [7])
HomNMAM(Q;Q)(UQ(Q), UQ(F)[−n]) ≃


Qr2 n ≡ 3 (mod 4)
Qr1+r2 n ≡ 1 (mod 4)
0 otherwise
n ≥ 2 ,
where r1 (resp. r2) stands for the number of real (resp. complex) embeddings of F.
Motivic Hopf DG algebras. The classical Tannakian formalism is quite restric-
tive since it requires the use of abelian categories. Consequently, it cannot be
applied to the triangulated setting of noncommutative mixed motives. Fortunately,
Ayoub [4, 5] has recently developed a weak Tannakian formalism for symmetric
monoidal categories. Let ω : C → D be a symmetric monoidal functor equipped
with a right adjoint ω. Ayoub’s weak Tannakian formalism asserts that under cer-
tain natural conditions on the functors ω and ω, the object H(C) := (ω ◦ω)(1) ∈ D
becomes equipped with an Hopf algebra structure. Moreover, the functor ω admits
a lifting ωco : C → coMod(H(C)) to the category of H(C)-comodules and the Hopf
algebraH(C) is universal with respect to these properties; consult [4, §1] for details.
Proposition 2.5. When R is a k-algebra, Hochschild homology HHk gives rise
to a triangulated symmetric monoidal functor HHkR : NMix(k;R)
⊕ → D(R) which
satisfies the conditions of Ayoub’s weak Tannakian formalism. Consequently, we
obtain a motivic Hopf dg algebra H(NMix(k;R)⊕) ∈ D(R).
The motivic Hopf dg algebra H(NMix(k;R)⊕) is the mixed analogue of the
motivic Galois group Gal(NNum†(k)R). Note that while the existence of the latter
affine group scheme is conditional to the noncommutative standard conjecturesCNC
and DNC , the former Hopf dg algebra is always defined! Moreover, in contrast with
the mysterious structure of the motivic Galois group, the motivic Hopf dg algebra
admits the following explicit description: given dg categories A and B, recall from
§4.2 the construction of the complex of exact cubes R(A,B).
Proposition 2.6. The sum-total complex of the following simplicial object
n 7→
⊕
A0,...,An
HHkR(A
op
0 )⊗R(A0, A1)⊗ · · · ⊗R(An−1,An)⊗HH
k
R(An) ,
where A0, . . . ,An ∈ dgcatsp(k), is naturally a dg bialgebra C. The multiplication is
induced by the tensor product of dg categories and the comultiplication by insertion
of the identity elements HHkR(IdAi ) ∈ HH
k
R(Ai) ⊗ HH
k
R(A
op
i ). In the derived
category D(R), C becomes isomorphic to the dg bialgebra H(NMix(k;R)⊕).
Note that Proposition 2.6 renders the motivic dg bialgebra strict. Its proof is
based on Pridham’s work [34]. As explained in §4.2, the complex of exact cubes
computes the spectrum homology of algebraic K-theory. Therefore, Proposition
2.6 also shows that the motivic dg bialgebra can be explicitly described using solely
Hochschild homology and algebraic K-theory of smooth proper dg categories.
Now, let MATM(k;R) be the classical triangulated category of mixed Artin-
Tate motives (see Wildeshaus [51]) and MATM(k;R)⊕ the smallest triangulated
subcategory of DM(k;R) which contains MATM(k;R) and is closed under arbitrary
direct sums. Under these notations, the motivic Hopf dg algebra associated to the
category of noncommutative mixed Artin motives admits the following description:
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Theorem 2.7. When R is a k-algebra, the following functors
NMAM(k;R)⊕
HHkR−→ D(R) MATM(k;R)⊕
Ψ
−→ NMAM(k;R)⊕
HHkR−→ D(R)
satisfy the conditions of Ayoub’s weak Tannakian formalism. Moreover, we have
an isomorphism of Hopf dg algebras
H(NMAM(k;R)⊕) ≃ H(MATM(k;R)⊕)⊗R[t,t−1] R ,
where the R[t, t−1]-linear structure is induced by the ⊗-invertible Tate motive R(1)[2].
Remark 2.8. Let X ∈ SmProj(k) with k of characteristic zero. As proved by Weibel
in [53, Prop. 1.3 and Cor. 1.4], the nth homology of HHk(perfdg(X)) ≃ HH
k(X)
identifies with
⊕
p−q=nH
q(X,ΩpX). Making use of Remark 2.2, we hence conclude
that the above right-hand side functor maps MR(X) to
⊕
n
⊕
p−q=nH
q(X,ΩpX)R.
Roughly speaking, Theorem 2.7 shows that the default between noncommutative
mixed Artin motives and mixed Artin-Tate motives is measured solely by the exis-
tence of an R[t, t−1]-linear structure. Its proof is based on the behavior of Ayoub’s
weak Tannakian formalism with respect to orbit categories; see Proposition 9.1.
Let C0(Gal(k/k), R) be the Hopf R-algebra of continuous functions with mul-
tiplication (resp. comultiplication) induced by the multiplication in R (resp. in
Gal(k/k)), and MAM(k;R)⊕ the smallest triangulated subcategory of DM(k;R)
which contains MAM(k;R) and is closed under arbitrary direct sums, and .
Theorem 2.9. When R is a k-algebra, the following functor
(2.0.5) MAM(k;R)⊕
Ψ
−→ NMAM(k;R)⊕
HHkR−→ D(R)
satisfies the conditions of Ayoub’s weak Tannakian formalism. Moreover, when
k ⊂ C and R is a C-algebra, the associated Hopf dg algebra H(MAM(k;R)⊕) is
concentrated in degree zero and agrees with C0(Gal(k/k), R).
The inclusion of categories MAM(k;R)⊕ ⊂MATM(k;R)⊕ gives rise to an injec-
tive morphism of Hopf dg algebras C0(Gal(k/k), R)→ H(MATM(k;R)⊕). Hence,
the above Theorems 2.7 and 2.9 show that, in contrast with the pure world, the
motivic Hopf dg algebra H(NMAM(k;R)⊕) carries much more information than
just continuous functions on the absolute Galois group. Roughly speaking, all the
above extensions (2.0.4) contribute to the motivic Hopf dg algebra.
Finally, the short exact sequence (1.0.2) admits the following mixed analogue:
Theorem 2.10. When k ⊂ C and R is a C-algebra, we have the following short
exact sequence of Hopf dg algebras
1 −→ C0(Gal(k/k), R) −→ H(NMix(k;R)⊕) −→ H(NMix(k;R)⊕) −→ 1 ,
where the first map is induced by the functor Ψ : MAM(k;R)⊕ → NMix(k;R)⊕ and
the second one by the base-change functor −⊗k k : NMix(k;R)⊕ → NMix(k;R)⊕.
Intuitively speaking, Theorem 2.10 shows that the default between noncommu-
tative mixed motives over k and noncommutative mixed motives over k is measured
solely by the profinite absolute Galois group.
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3. Preliminaries
3.1. Notations. Throughout the article, k will be a base (perfect) field and R
a commutative ring of coefficients. Given a closed symmetric monoidal category
(C,⊗,1), we will write Hom(−,−) for its internal Hom and (−)∨ := Hom(−,1) for
the duality functor. When C is enriched over a symmetric monoidal category E ,
we will write HomE(−,−) for this enrichment. We will use freely the language of
Quillen model categories [15, 17, 18, 38], of exact categories [39], of Waldhausen
categories [50], and of ∞-categories [25, 26]. Given a Quillen model category C, we
will write Ho(C) for its homotopy category and C∞ for the associated ∞-category.
Finally, adjunctions will be displayed vertically with the left (resp. right) adjoint
on the left (resp. right) hand side.
3.2. Dg categories. Let C(k) be the category of cochain complexes of k-vector
spaces. A differential graded (=dg) category A is a C(k)-enriched category and a
dg functor F : A → B is a C(k)-enriched functor; consult Keller’s ICM survey [20].
Let A be a dg category. The category H0(A) has the same objects as A and
H0(A)(x, y) := H0A(x, y). The opposite dg category Aop has the same objects as
A and Aop(x, y) := A(y, x). A right A-module is a dg functor Aop → Cdg(k) with
values in the dg category Cdg(k) of cochain complexes of k-vector spaces. Let C(A)
be the category of right A-modules. As explained in [20, §3.1-3.2], C(A) carries
a projective Quillen model structure. Moreover, the dg structure of Cdg(k) makes
C(A) into a dg category Cdg(A). The derived category D(A) of A is defined as
the localization of C(A) with respect to the objectwise quasi-isomorphisms. Its full
triangulated subcategory of compact objects will be denoted by Dc(A).
A dg functor F : A → B is called aMorita equivalence if it induces an equivalence
on derived categories D(A)
≃
→ D(B); see [20, §4.6]. As proved in [46, Thm. 5.3],
dgcat(k) admits a Quillen model structure whose weak equivalences are the Morita
equivalences. Let us write Hmo(k) for the associated homotopy category.
The tensor product A ⊗ B of dg categories is defined as follows: the set of
objects is the cartesian product of the sets of objects and (A⊗B)((x,w), (y, z)) :=
A(x, y) ⊗ B(w, z). As explained in [20, §2.3 and §4.3], this construction gives rise
to symmetric monoidal structure on dgcat(k) which descends to Hmo(k).
An A-B-bimodule is a dg functor B : A ⊗ Bop → Cdg(k) or equivalently a right
(Aop ⊗ B)-module. A standard example is the A-B-bimodule
FB : A⊗ B
op −→ Cdg(k) (x,w) 7→ B(w,F (x))(3.2.1)
associated to a dg functor F : A → B. Let us denote by rep(A,B) the full trian-
gulated subcategory of D(Aop ⊗B) consisting of those A-B-bimodules B such that
B(x,−) ∈ Dc(B) for every object x ∈ A. In the same vein, let repdg(A,B) be the
full dg subcategory of Cdg(Aop⊗B) consisting of those A-B-bimodules which belong
to rep(A,B). By construction, we have H0(repdg(A,B)) ≃ rep(A,B).
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3.3. Finite dg cells. For n ∈ Z, let Sn be the cochain complex k[n] and Dn the
mapping cone of the identity on Sn−1. Let S(n) be the dg category with objects
1, 2 such that S(n)(1, 1) = k , S(n)(2, 2) = k , S(n)(2, 1) = 0 , S(n)(1, 2) = Sn and
with composition given by multiplication. Similarly, let D(n) be the dg category
with objects 3, 4 such that D(n)(3, 3) = k , D(n)(4, 4) = k , D(n)(4, 3) = 0 and
D(n)(3, 4) = Dn. For n ∈ Z, let ι(n) : S(n − 1) → D(n) be the dg functor that
sends 1 to 3, 2 to 4 and Sn−1 to Dn by the identity on k in degree n− 1 :
S(n− 1)
ι(n)
// D(n)
1
k

Sn−1

✤ // 3
k

Dn

incl //
2
k
DD
✤ // 4
k
DD
where
Sn−1
incl // Dn
0 //

0

0 //

k
id
k
id //

k

(degree n−1)
0 // 0
A dg category A is called a finite dg cell if the unique dg functor ∅ → A (where the
empty dg category ∅ is the initial object of dgcat(k)) can be expressed as a finite
composition of pushouts along the dg functors ι(n), n ∈ Z, and ∅ → k.
3.4. Orbit categories. Let C be an additive symmetric monoidal category and
O ∈ C a ⊗-invertible object. Recall from [43] that the orbit category C/−⊗O has the
same objects as C and morphisms given by
HomC/−⊗O(a, b) :=
⊕
i∈Z
HomC(a, b ⊗O
⊗i) .
The composition is induced from C. By construction, C/−⊗O is additive, symmetric
monoidal (see [43, Lem. 7.3]), and comes equipped with a canonical projection
symmetric monoidal functor pi : C → C/−⊗O. Moreover, pi is endowed with a natural
2-isomorphism pi ◦ (−⊗O)
∼
⇒ pi and is 2-universal among all such functors.
4. Noncommutative mixed motives with coefficients
Recall from [45, Def. 15.1] [8, Thm. 8.5] the construction of the closed symmetric
monoidal Quillen model category Mot(k) := LaddFun(dgcatf(k)
op, Spt) and of the
symmetric monoidal functor
U : dgcat(k) −→ Mot(k) B 7→ (A 7→ Σ∞(N(wrepdg(A,B))+)) .
Several explanations are in order: dgcatf(k) is obtained by stabilizing the finite
dg cells with respect to tensor products, (co)fibrant resolutions, and left fram-
ings; Spt is the projective stable Quillen model category of symmetric spectra [19];
wrepdg(A,B) is the subcategory of quasi-isomorphisms of repdg(A,B); N(−) is the
nerve functor; Σ∞(−+) is the suspension symmetric spectrum functor; and Ladd
stands for the left Bousfield localization of Fun(dgcatf(k)
op, Spt) with respect to
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the stabilization under (de)suspensions of the following sets of morphisms (consult
[45, §13] for the notion of a short exact sequence of dg categories)
{U(F ) : U(A)→ U(B) |F is a Morita equivalence A,B ∈ dgcatf(k)}
{cofiber(U (A)→ U(B))→ U(C) | 0 // A // B
vv // C
vv // 0 A,B, C ∈ dgcatf(k)}
Finally, the symmetric monoidal structure is given by the Day convolution product.
The associated homotopy category Ho(Mot(k)) is naturally enriched over Ho(Spt).
Given dg categories A and B, with A smooth proper, we have an isomorphism
(4.0.1) HomHo(Spt)(U(A), U(B)) ≃ K(A
op ⊗ B) ,
Moreover, the composition law is induced by the tensor product of bimodules.
Following Kontsevich [22, 23, 24], the category of noncommutative mixed motives
NMix(k) was introduced in [8, §9.2] as the smallest thick triangulated subcategory
of Ho(Mot(k)) containing the objects {U(A) | A ∈ dgcatsp(k)}.
4.1. Coefficients. Let HR ∈ Spt be the Eilenberg-MacLane ring spectrum of R
and Mod(HR) the symmetric monoidal Quillen model category of HR-modules;
see [19, Cor. 5.4.2]. By construction, we have the following Quillen adjunction:
(4.1.1) Mod(HR)
forget

Spt .
−∧HR
OO
Definition 4.1. Let Mot(k;R) be the closed symmetric monoidal Quillen model
category LaddFun(dgcatf(k)
op,Mod(HR)) and
UR : dgcat(k) −→ Mot(k;R) B 7→ (A 7→ Σ
∞(N(wrepdg(A,B))+) ∧HR)
the associated symmetric monoidal functor.
Remark 4.2 (Alternative Quillen model). The Quillen model category Mod(HR)
is Quillen equivalent to the projective Quillen model category C(R) of cochain
complexes of R-modules; see [40, Thm. 5.1.6]. Therefore, if in Definition 4.1 we
replace Mod(HR) by C(R), we obtain a Quillen equivalent model category.
Note that Ho(Mot(k;R)) is naturally enriched over Ho(Mod(HR)) ≃ D(R). The
above adjunction (4.1.1) gives rise to the following Quillen adjunction
(4.1.2) Mot(k;R)
forget

Mot(k) .
−∧HR
OO
Remark 4.3 (Strongly dualizable objects). As proved in [8, Thm. 5.8], the smooth
proper dg categories can be characterized as the strongly dualizable objects of the
symmetric monoidal category Hmo(k). The dual of a smooth proper dg category
A is given by the opposite dg category Aop. Since UR is symmetric monoidal, we
hence conclude that the objects {UR(A) | A ∈ dgcatsp(k)} are strongly dualizable
in the homotopy category Ho(Mot(k;R)).
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Proposition 4.4. Given dg categories A and B, with A smooth proper, we have
(4.1.3) HomD(R)(UR(A), UR(B)) ≃ K(A
op ⊗ B) ∧HR .
When R is a Q-algebra, we have moreover R-module isomorphisms
HomHo(Mot(k;R))(UR(A), UR(B)[−n]) ≃ Kn(A
op ⊗ B)R n ≥ 0 .
Remark 4.5. Similarly to Ho(Mot(k)), the composition law of the homotopy cate-
gory Ho(Mot(k;R)) is induced by the tensor product of bimodules.
Proof. As mentioned in Remark 4.3, the object UR(A) is strongly dualizable with
dual UR(A
op). Hence, we have the following isomorphisms
HomD(R)(UR(A), UR(B)) ≃ HomD(R)(UR(k), UR(A
op)⊗ UR(B))
≃ HomD(R)(UR(k), UR(A
op ⊗ B))
≃ HomHo(Spt)(U(k), UR(A
op ⊗ B))(4.1.4)
≃ K(Aop ⊗ B) ∧HR ,(4.1.5)
where (4.1.4) follows from the above adjunction (4.1.2) and (4.1.5) from isomor-
phism (4.0.1). This proves the first claim. In what concerns the second claim, note
that (4.1.3) gives rise to R-module isomorphisms
HomHo(Mot(k;R))(UR(A), UR(B)[−n]) ≃ pin(K(A
op ⊗ B) ∧HR) n ≥ 0 .
When R = Q, the right-hand side identifies withKn(A
op⊗B)⊗ZQ; see [1, page 203].
Therefore, in the particular case where R is a Q-algebra, we conclude that
pin(K(A
op ⊗ B) ∧HR) ≃ pin(K(A
op ⊗ B) ∧HQ)⊗Q R ≃ Kn(A
op ⊗ B)R .
This proves the second claim. 
Example 4.6 (Schemes). Let X,Y be smooth projective k-schemes and R a Q-
algebra. By combining Proposition 4.4 with the Morita equivalences perfdg(X)
op ≃
perfdg(X) and perfdg(X)⊗ perfdg(Y ) ≃ perfdg(X × Y ), we hence conclude that
HomHo(Mot(k;R))(UR(perfdg(X)), UR(perfdg(Y ))[−n]) ≃ Kn(X × Y )R n ≥ 0 .
Definition 4.7. The category of noncommutative mixed motives NMix(k;R) is the
smallest thick triangulated subcategory of Ho(Mot(k;R)) containing the objects
{UR(A) | A ∈ dgcatsp(k)}. In the same vein, let NMix(k;R)
⊕ be the smallest
triangulated subcategory of Ho(Mot(k;R)) which contains NMix(k;R) and is closed
under arbitrary direct sums. Since the smooth proper dg categories are stable
under tensor product, the triangulated categories NMix(k;R) and NMix(k;R)⊕
are moreover symmetric monoidal.
Remark 4.8 (Compact generators). As proved in [8, Cor. 8.7], the objects U(A),
with A ∈ dgcatsp(k), are compact. Since the left adjoint functor in (4.1.2) preserves
compact objects, we hence conclude that {UR(A) | A ∈ dgcatsp(k)} is a set of
compact generators of the triangulated category NMix(k;R)⊕.
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4.2. Complex of exact cubes. Let E be an exact category and 〈−1, 0, 1〉 the
ordered set of three elements (considered as a category). Following Takeda [48,
§2.1], a n-cube of E consists of a covariant functor F : 〈−1, 0, 1〉n → E . To every
element (α1, . . . , αn) ∈ 〈−1, 0, 1〉n−1 and 1 ≤ i ≤ n, we have an associated edge
F(α1,...,αi−1,−1,αi,...,αn−1) −→ F(α1,...,αi−1,0,αi,...,αn−1) −→ F(α1,...,αi−1,1,αi,...,αn−1) .
An n-cube is called exact if all its edges are short exact sequences in E . Let Cn(E)
be the set of exact n-cubes of E . As explained in loc. cit., {Cn(E)}n≥0 is naturally
a simplicial set. Let us denote by R(E) the associated normalized complex of R-
modules. As proved by McCarthy in [32, §3], this complex computes the spectrum
homology of the algebraic K-theory of E , i.e. H∗(R(E)) ≃ pi∗(K(E) ∧HR).
Let (E , w) be a Waldhausen category. Following Gillet-Soule´ [14, §6.2], let
R(E , w) := R(E)/R(Ew). As explained in loc. cit., we have alsoH∗(R(E , w)) ≃
pi∗(K(E , w) ∧ HR). Moreover, every biexact functor (E , w) × (E
′, w′) → (E ′′, w′′)
gives rise to a bilinear pairing R(E , w) ⊗R R(E ′, w′)→ R(E ′′, w′′).
Now, let A be a dg category. As explained by Dugger-Shipley in [11, §3], the
full subcategory of C(A) consisting of the cofibrant right A-modules which be-
long to Dc(A) is naturally a Waldhausen category. Let us then write R(A) for
the associated complex of exact cubes. Similarly, given dg categories A and B,
let R(A,B) := R(Aop ⊗ B). As mentioned above, we have H∗(R(A,B)) ≃
pi∗(K(Aop ⊗ B) ∧HR). Therefore, the complex of R-modules R(A,B) should be
considered as an explicit model of the left-hand side of (4.1.3). Under this model,
the composition law corresponds to the bilinear pairings
R(A,B)⊗R R(B, C) −→ R(A, C) A,B, C ∈ dgcatsp(k)
induced by the tensor product of bimodules. We obtain in this way an explicit
differential graded enhancement1 of the full subcategory of NMix(k;R) consisting
of the smooth proper dg categories.
4.3. Universal property. Let dgcat(k)∞ be the symmetric monoidal∞-category
of dg categories. A functor E : dgcat(k)∞ → D, with values in a presentable stable
∞-category, is called an additive invariant if it inverts the Morita equivalences,
preserves filtered colimits, and sends split short exact sequences of dg categories
to cofiber sequences. When E is moreover symmetric monoidal, we call it a sym-
metric monoidal additive invariant. As proved in [45, Thm. 15.4][8, Thm. 8.5], the
functor U : dgcat(k)∞ → Mot(k)∞ is the universal additive invariant, i.e. given
any (symmetric monoidal) presentable stable ∞-category D, we have equivalences
U∗ : FunL(Mot(k)∞,D)
≃
−→ Funadd(dgcat(k)∞,D)
U∗ : FunL,⊗(Mot(k)∞,D)
≃
−→ Funadd,⊗(dgcat(k)∞,D) ,
where the left-hand side denotes the ∞-category of colimit preserving (symmetric
monoidal) functors and the right-hand side the∞-category of (symmetric monoidal)
additive invariants. Note that in the same way the presentable∞-categoryMot(k)∞
is stable, i.e. it is a module over Spt∞ in the sense of [26, §4], the presentable ∞-
category Mot(k;R)∞ is a R-module, i.e. it is a module over Mod(HR)∞. Hence, the
1We are implicitly strictifying the tensor product of bimodules in order to make it strictly
associative; see Garkusha-Panin [12, §3] for instance.
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universal property of the functor UR : dgcat(k)
∞ → Mot(k;R)∞ is the following:
given any (symmetric monoidal) presentable R-module ∞-category D, we have
U∗R : Fun
L
R(Mot(k;R)
∞,D)
≃
−→ Funadd(dgcat(k)∞,D)(4.3.1)
U∗R : Fun
L,⊗
R (Mot(k;R)
∞,D)
≃
−→ Funadd,⊗(dgcat(k)∞,D) ,(4.3.2)
where the left-hand side denotes the ∞-category of colimit preserving (symmetric
monoidal)R-module functors and the right-hand side the∞-category of (symmetric
monoidal) additive invariants.
4.4. Base-change. Given a field extension l/k, consider the following colimit pre-
serving symmetric monoidal base-change functor
−⊗kl : dgcat(k) −→ dgcat(l) A 7→ A⊗k l .(4.4.1)
As proved in [27, Prop. 7.1], the above functor (4.4.1) preserves Morita equivalences.
Thanks to the work of Drinfeld [10, Prop. 1.6.3], it also preserves (split) short
exact sequences of dg categories. As mentioned in Remark 4.3, the smooth proper
dg categories can be characterized as the strongly dualizable object of Hmo(k)
(and Hmo(l)). Therefore, since the above functor (4.4.1) is symmetric monoidal
and preserves Morita equivalences, we conclude that it preserves also the smooth
proper dg categories. Making use of the above equivalence of categories (4.3.2), we
hence obtain an R-linear symmetric monoidal triangulated functor (which we still
denote by −⊗k l) making the following diagram commute:
(4.4.2) dgcatsp(k)
UR

−⊗kl // dgcatsp(l)
UR

NMix(k;R)⊕
−⊗kl
// NMix(l;R)⊕ .
4.5. Relation with noncommutative Chow motives. There is a bijection
HomHmo(k)(A,B) ≃ Iso rep(A,B) under which the composition law of Hmo(k) cor-
responds to the tensor product of bimodules; see [46, Cor. 5.10]. Since the A-B-
bimodules (3.2.1) belong to rep(A,B), we obtain the symmetric monoidal functor
dgcat(k) −→ Hmo(k) A 7→ A F 7→ FB .(4.5.1)
Let Hmo0(k)R be the R-linear additive category with the same objects as Hmo(k)
and morphisms HomHmo0(k)R(A,B) := K0(rep(A,B))R, where K0rep(A,B) stands
for the Grothendieck group of the triangulated category rep(A,B). The composition
law is induced by the tensor product of bimodules and the symmetric monoidal
structure extends by R-bilinearity from Hmo(k) to Hom0(k)R. We have also the
following symmetric monoidal functor
Hmo(k) −→ Hmo0(k)R A 7→ A B 7→ [B]R .(4.5.2)
Let us denote by UR : dgcat(k) → Hmo0(k)R the composition of (4.5.2) ◦ (4.5.1).
Recall from the surveys [31, 44] that the category of noncommutative Chow motives
NChow(k)R is defined as the idempotent completion of the full subcategory of
Hmo0(k)R consisting of the objects {UR(A) | A ∈ dgcatsp(k)}.
Proposition 4.9. We have an R-linear additive symmetric monoidal functor
NChow(k)R −→ NMix(k;R)
⊕ UR(A) 7→ UR(A) .(4.5.3)
12 GONC¸ALO TABUADA
When R is a Q-algebra, the above functor (4.5.3) is moreover fully-faithful.
Proof. Consider the following composition
dgcat(k)
UR−→ Mot(k;R) −→ Ho(Mot(k;R)) .
Since the category Ho(Mot(k;R)) is additive and the above composition inverts
Morita equivalences, sends split short exact sequences of dg categories to direct
sums, and is moreover symmetric monoidal, [46, Thms. 5.3 and 6.3] furnishes us a
(unique)R-linear additive symmetric monoidal functor NChow(k)R → NMix(k;R)⊕
whose pre-composition with UR agrees with UR. This proves the first claim. The
second claim follows from the combination of Proposition 4.4 with the explicit con-
struction of the category Hmo0(k)R. 
4.6. Relation with noncommutative Artin motives. As explained in [27,
Thm. 1.2], the category of noncommutative Artin motives NAM(k)R can be identi-
fied with the smallest additive idempotent complete full subcategory of NChow(k)R
containing the objects UR(l), where l/k is a finite separable field extension. There-
fore, making use of the above Proposition 4.9, we obtain the following result:
Proposition 4.10. When R is a Q-algebra, the category of noncommutative Artin
motives NAM(k)R identifies with the smallest additive idempotent complete full
subcategory of NMAM(k;R) containing the objects UR(l), where l/k is a finite sep-
arable field extension.
4.7. Some variants. The category Mot(k) admits a localizing variant MotL(k)
and an A1-homotopy variant MotA1(k); consult [45, 47] for details. The construc-
tions and results of §4.1-4.5, suitably modified, also hold for these variants. Conse-
quently, we obtain triangulated categories NMixL(k;R) and NMixA1(k;R).
5. Proof of Theorem 2.1
Let us denote by Sm(k) the category of smooth k-schemes.
Theorem 5.1. When R is a Q-algebra, there exists an R-linear symmetric monoidal
triangulated functor Ψ making the following diagram commute:
(5.0.1) Sm(k)
MR

X 7→perfdg(X) // dgcat(k)
UR

Ho(Mot(k;R))
(−)∨

DM(k;R)
Ψ
// NMix(k;R)⊕ ⊂ Ho(Mot(k;R)) .
The functor Ψ preserves moreover arbitrary direct sums.
Remark 5.2. Note that Theorem 2.1 follows automatically from Theorem 5.1. Sim-
ply restrict yourself to smooth projective k-schemes.
Proof. Let SH(k) be Morel-Voevodsky’s stable A1-homotopy category of (P1,∞)-
spectra and DA(k;R) the coefficients variant introduced by Ayoub in [3, §4] (see
also [4, §2.1.1]). Recall from loc. cit. that these categories are related by a
symmetric monoidal triangulated functor (−)R : SH(k) → DA(k;R). Thanks to
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the work of Ro¨dings-Sptizweck-Østvær [36] and Gepner-Snaith [13], the E∞-ring
spectrum KGL ∈ SH(k) which represents homotopy K-theory admits a strictly
commutative model. Therefore, it gives rise to the symmetric monoidal Quillen
model category Mod(KGLR) of KGLR-modules. The proof of [42, Cor. 2.5(ii)],
with SH(k) replaced by DA(k;R), KGLQ replaced by KGLR, and Ho(Mot(k))Q
replaced by Ho(Mot(k;R)), shows that there exists an R-linear fully-faithful sym-
metric monoidal triangulated functor Φ making the following diagram commute:
(5.0.2) Sm(k)
Σ∞(−+)R

X 7→perfdg(X) // dgcat(k)
UR

DA(k;R)
−∧KGLR

Ho(Mot(k;R))
(−)∨

Ho(Mod(KGLR))
Φ
// NMix(k;R)⊕ ⊂ Ho(Mot(k;R)) .
The functor Φ preserves moreover arbitrary direct sums. Let HZ ∈ SH(k) be the
E∞-ring spectrum which represents motivic cohomology. Thanks to the work of
Bloch [6], reformulated by Riou in [35, §6], we have KGLR ≃
⊕
i∈ZHZR(i)[2i]. On
the other hand, thanks to the work of Ro¨dings-Østvær [37], DM(k;R) identifies
with the homotopy category Ho(Mod(HZR)). As a consequence, base-change along
HZR → KGLR gives rise to an R-linear symmetric monoidal triangulated base-
change functor − ∧HZR KGLR making the following diagram commute:
Sm(k)
MR

Sm(k)
Σ∞(−+)R

DA(k;R)
−∧KGLR

DM(k;R)
−∧HZRKGLR
// Ho(Mod(KGLR)) .
(5.0.3)
The base-change functor −∧HZRKGLR preserves arbitrary direct sums. Therefore,
the desired functor Ψ (resp. diagram (5.0.1)) is obtained by composing (resp.
concatenating) the base-change functor with Φ (resp. (5.0.3) with (5.0.2)). 
Let us denote by R(1)[2] ∈ DMgm(k;R) ⊂ DM(k;R) the Tate motive.
Theorem 5.3. The functor Ψ gives rise to an R-linear symmetric monoidal functor
(5.0.4) Ψ : DM(k;R)/−⊗R(1)[2] −→ NMix(k;R)
⊕ .
Moreover, the restriction of (5.0.4) to DMgm(k;R)/−⊗R(1)[2] is fully faithful.
Proof. The proof is similar to the one of [42, Thm. 2.8]. Simply replace the cate-
gories DM(k)Q and NMix(k)Q by DM(k;R) and NMix(k;R), respectively. 
6. Proof of Proposition 2.4
In order to simplify the exposition we will omit the underscripts of Hom. It will
be clear from the context which category we are considering. Let X := Spec(l) and
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Y := Spec(l′) be two finite e´tale k-schemes. We start by showing that the functor
Ψ : NAM(k;R)→ NMAM(k;R) induces isomorphisms
(6.0.5) Hom(MR(X),MR(Y )[−n])
∼
−→ Hom(Ψ(MR(X)),Ψ(MR(Y ))[−n]) .
The left-hand side identifies with CH0(X×Y )R when n = 0 and is zero otherwise.
In what concerns the right-hand side, we have the following isomorphisms
≃ Hom(UR(perfdg(X)), UR(perfdg(Y ))[−n]) ≃ Hom(UR(l), UR(l
′)[−n])(6.0.6)
≃ Kn(X × Y )R ≃ Kn(l ⊗k l
′) ,(6.0.7)
where (6.0.6) follows from Remark 2.2 and (6.0.7) from (2.0.4). By construction of
Ψ, the above morphism (6.0.5) with n = 0 corresponds to the canonical isomorphism
CH0(X×Y )R ≃ K0(X×Y )R. It remains then to show that the right-hand side of
(6.0.5) vanishes when n 6= 0. Since by assumption k is finite, the finite dimensional
e´tale k-algebra l⊗k l′ is also finite. Thanks to Kuku (see [52, IV §1 Prop. 1.16]), this
implies that all the higher algebraic K-theory groups Kn(l⊗k l′) ≃ Kn(X×Y ), n ≥
1, are finite and hence torsion. Using the fact that R is a Q-algebra, we therefore
conclude that the right-hand side of (6.0.5) vanishes when n 6= 0.
The proof of Proposition 2.4 follows now from the above isomorphisms (6.0.5)
and from the fact that the objects MR(Spec(l
′))[−n] (resp. UR(l′)[−n]), where l′/k
is a finite separable field extension and n ∈ Z, form a set of compact generators of
the triangulated category MAM(k;R)⊕ (rest. NMAM(k;R)⊕).
7. Proof of Proposition 2.5
As explained in [8, Example 8.9], Hochschild homology gives rise to a symmetric
monoidal additive invariant HHk : dgcat(k)∞ → C(k)∞. Since R is a k-algebra,
we can then consider the following composition
HHkR : dgcat(k)
∞ HH−→ C(k)∞
−⊗kR−→ C(R)∞ ,
which is also a symmetric monoidal additive invariant. Making use of the equiva-
lence of categories (4.3.2), we hence obtain an induced symmetric monoidal triangu-
lated functor HHkR : Ho(Mot(k;R))→ D(R). Let us now show that its restriction
(7.0.8) HHkR : NMix(k;R)
⊕ −→ D(R)
satisfies conditions (i)-(iii) of Ayoub’s weak Tannakian formalism (see [4, page 19]):
(i) The functor (7.0.8) admits a right adjoint HHkR.
(ii) The functor (7.0.8) admits a symmetric monoidal 2-section S. Moreover,
the symmetric monoidal triangulated functor S admits a right adjoint.
(iii) For every M ∈ D(R) and N ∈ NMix(k;R)⊕ the coprojection morphism
HHkR(M)⊗N → HH
k
R(M ⊗HH
k
R(N)) is invertible.
As explained in Remark 4.8, the triangulated category NMix(k;R)⊕ is compactly
generated. Therefore, the proof of item (i) follows from the combination of [33,
Thm. 8.4.4] with the fact that (7.0.8) preserves arbitrary direct sums. In what
concerns item (ii), the symmetric monoidal 2-section S is given by the composition
of the equivalence D(R) ≃ Ho(Mod(HR)) with the following functor
Ho(Mod(HR))→ NMix(k;R)⊕ M 7→ (A 7→ Σ∞(N(wrepdg(A, k))+) ∧Mcof) ,
whereMcof stands for the a (functorial) cofibrant resolution ofM . Since S preserves
arbitrary direct sums and the category D(R) is compactly generated, we conclude
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once again from [33, Thm. 8.4.4] that the symmetric monoidal 2-section S admits
a right adjoint. Finally, let us prove condition (iii). By construction, the bifunctors
− ⊗ − of the categories D(R) and NMix(k;R)⊕ preserve arbitrary direct sums
in each variable. Since the functor (7.0.8) preserves arbitrary direct sums, we
hence conclude from Lemma 7.1 below that it suffices to show condition (iii) in the
particular case where N belongs to {UR(A) | A ∈ dgcatsp(k)}. Since these objects
are strongly dualizable (see Remark 4.3) the proof follows now from [4, Lem. 2.8].
Lemma 7.1. The right adjoint functor HHkR preserves arbitrary direct sums.
Proof. The strongly dualizable objects and the compact object of the categoryD(R)
are the same. Therefore, since the functor (7.0.8) is symmetric monoidal and the
compact generators of NMix(k)R are strongly dualizable, we conclude that (7.0.8)
also preserves compact objects. The proof follows now from [2, Lem. 2.1.28]. 
8. Proof of Proposition 2.6
As explained in Remark 4.8, {UR(A) | A ∈ dgcatsp(k)} is a set of compact gen-
erators of the triangulated category NMix(k;R)⊕. Moreover, as explained in the
proof of Lemma 7.1, the Hochschild homology functor preserves compact objects.
Therefore, the proof follows from the application of [34, Prop. 1.18 and Rk. 2.11] to
Hochschild homology and to the differential graded enhancement described in §4.2.
9. Proof of Theorem 2.7
The following subsection, which will play a key role in the proof of Theorem 2.7,
is of independent interest:
9.1. Hopf dg algebras of orbit categories. Let C be a triangulated symmetric
monoidal category and O ∈ C a ⊗-invertible object. Recall from §3.4 the construc-
tion of the orbit category C/−⊗O and of the projection functor pi : C → C/−⊗O. Let
F : C → C′ and ω′ : C′ → D(R) be triangulated symmetric monoidal functors such
that ω′ and ω := ω′◦F satisfy the conditions of Ayoub’s weak Tannakian formalism.
As usual, we will write H(C′) and H(C) for the associated Hopf dg algebras.
Proposition 9.1. Assume the following:
(i) The functor ω′ preserves arbitrary direct sums.
(ii) The functor F preserves arbitrary direct sums and admits a right adjoint
G which also preserves arbitrary direct sums.
(iii) The category C admits a set G of compact generators such that F (G) is a
set of (compact) generators of C′.
(iv) The functor F factors through pi and gives rise to isomorphisms
HomC/−⊗O(pi(a), pi(b))
∼
−→ HomC′(F (a), F (b)) a, b ∈ G .
Under these assumptions, we obtain an isomorphism of Hopf dg algebras
(9.1.1) H(C′) ≃ H(C)⊗R[t,t−1] R ,
where the R[t, t−1]-linear structure is induced by the ⊗-invertible object O.
Remark 9.2. Intuitively speaking, the above assumptions (iii)-(iv) expresses C′ as
the “triangulated envelope” of the orbit category C/−⊗O.
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Proof. Let ω′ (resp. ω) be the right adjoint of ω′ (resp. ω). Under these notations,
we have the following isomorphisms
(ω ◦ ω)(R) = ω(ω(R)) ≃ ω′((F ◦G)(ω′(R))) ≃ ω′(⊕i∈Zω
′(R)) ≃ ⊕i∈Z(ω
′ ◦ ω′)(R) ,
where the first one follows from the natural isomorphisms ω ≃ G◦ω′ and ω ≃ ω′◦F ,
the second one from Lemma 9.3 below (with c := ω′(R)), and the third one from
assumption (i). Consequently, H(C) identifies with H(C′)[t, t−1] and the functor F
gives rise to the following short exact sequence of Hopf R-algebras
R[t, t−1] −→ H(C′)[t, t−1]
t=0
−→ H(C′) ,
where the first map is induced by the unit of H(C′). In particular, we obtain the
above isomorphism (9.1.1). 
Lemma 9.3. For every object c ∈ C′, we have an isomorphism (F ◦G)(c) ≃ ⊕i∈Zc.
Moreover, if c is a (commutative unital) algebra, then (F ◦G)(c) ≃ c[t, t−1].
Proof. Thanks to assumptions (ii)-(iii), it suffices to show that (F ◦G)(F (b)) iden-
tifies with ⊕i∈ZF (b) for every b ∈ G. By combining assumptions (iii)-(iv) with the
definition of the orbit category, we observe that
HomC(a,⊕i∈Z(b ⊗O
⊗i)) ≃ HomC/−⊗O(pi(a), pi(b)) ≃ HomC′(F (a), F (b))
for every a ∈ G. This implies that G(F (b)) ≃ ⊕i∈Z(b ⊗ O⊗i). Using the 2-
isomorphism pi ◦ (− ⊗ O)
∼
⇒ pi, and the fact that F preserves arbitrary direct
sums and factors through pi, we hence conclude that
(F ◦G)(F (b)) ≃ F (⊕i∈Z(b ⊗O
⊗i)) ≃ ⊕i∈Z(F (b)⊗ F (O)
⊗i) ≃ ⊕i∈ZF (b) .
This achieves the proof of both claims. 
Proof of Theorem 2.7. The proof of the first claim is similar to the proof
of Proposition 2.5; simply replace the category NMix(k;R)⊕ by the categories
NMAM(k;R)⊕ and MATM(k;R)⊕ and respective functors. In what concerns the
second claim, it suffices to verify the assumptions (i)-(iv) of the above Proposition
9.1 with C := MATM(k;R)⊕, O := R(1)[2], C′ := NMAM(k;R)⊕, F := Ψ, and
ω := HHkR. Assumption (i) follows from the construction of the functor HH
k
R.
The triangulated category MATM(k;R)⊕ is compactly generated and all its com-
pact objects are strongly dualizable. Therefore, assumption (ii) follows from the
combination of [33, Thm. 8.4.4][2, Lem. 2.1.28] with the fact that the functor Ψ
is symmetric monoidal and preserves arbitrary direct sums. In what concerns as-
sumption (iii), take for G the set of objectsMR(Spec(l))(n)[m], where l/k is a finite
separable field extension and n,m ∈ Z. Note that the corresponding objects
Ψ(MR(Spec(l))(n)[m]) ≃ UR(l)[m− 2n]
form a set of compact generators of the triangulated category NMAM(k;R)⊕. Fi-
nally, assumption (iv) follows from the above Theorem 5.3.
Remark 9.4 (Mixed Tate motives). Let MTM(k;R) be the classical triangulated
category of mixed Tate motives, MTM(k;R)⊕ the smallest triangulated subcategory
of DM(k;R) which contains MTM(k;R) and is closed under arbitrary direct sums,
and 〈UR(k)〉⊕ the smallest triangulated subcategory of NMix(k;R)⊕ which contains
the ⊗-unit UR(k) and is closed under arbitrary direct sums. Similarly to Theorem
2.7, we have an isomorphism H(〈UR(k)〉⊕) ≃ H(MTM(k;R)⊕)⊗R[t,t−1] R.
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Remark 9.5. Let us denote by NDM(k;R)⊕ the smallest triangulated subcategory
of NMix(k;R)⊕ which contains the objects UR(perfdg(X)), where X ∈ SmProj(k),
and is closed under arbitrary direct sums. Similarly to Theorem 2.7, we have an
isomorphism H(NDM(k;R)⊕) ≃ H(DM(k;R))⊗R[t,t−1] R.
10. Proof of Theorem 2.9
Recall from Voevodsky [49, §3.2] that the classical triangulated category of mixed
Artin motives MAM(k;R) is defined as the smallest thick triangulated subcategory
of DMgm(k;R) containing the objects MR(Spec(l)), where l/k is a finite separa-
ble field extension. As mentioned in §2, MAM(k;R) is equivalent to the bounded
derived category Db(AM(k)R). Since AM(k)R identifies with the category of fi-
nite dimensional R-linear continuous Gal(k/k)-representations repR(Gal(k/k)), we
hence conclude that MAM(k;R) ≃ Db(repR(Gal(k/k))).
Notation 10.1. Given a finite Galois field extension k/l/k, let MAM(l/k;R)⊕ be
the smallest triangulated subcategory of DM(k;R) which is closed under arbitrary
direct sums and contains the objects MR(Spec(l
′)), where l/l′/k is an intermediate
separable field extension. Note that MAM(k;R)⊕ ≃
⋃
k/l/kMAM(l/k;R)
⊕.
The category MAM(k;R)⊕ is equivalent to the (unbounded) derived category
D(RepR(Gal(k/k))), where RepR(Gal(k/k)) stands for the category ofR-linear con-
tinuous Gal(k/k)-representations. In the same vein, MAM(l/k;R)⊕ is equivalent
to the (unbounded) derived category D(RepR(Gal(l/k))).
In order to simplify the exposition, let us denote by HH ′kR the composed functor
(2.0.5). The same proof of Proposition 2.5 shows that the functor HH ′kR , as well as
its pre-composition with the inclusions Il/k : MAM(l/k;R)
⊕ ⊂MAM(k;R)⊕, satis-
fies the conditions of Ayoub’s weak Tannakian formalism. Consequently, the inclu-
sions Il/k give rise to an induced morphism of Hopf dg algebras (see [4, Prop. 1.48]):
(10.0.2) colimk/l/kH(MAM(l/k;R)
⊕) −→ H(MAM(k;R)⊕) .
Proposition 10.2. The above morphism (10.0.2) is invertible.
Proof. Consider the following adjunctions:
MAM(k;R)⊕
Il/k

D(R)
HH ′kR

MAM(l/k;R)⊕
Il/k
OO
MAM(k;R)⊕ ,
HH′kR
OO
where the existence of the right adjoint I l/k follows from the fact that Il/k pre-
serves arbitrary direct sums and that the triangulated category MAM(l/k;R)⊕ is
compactly generated. Let us write HH
′l/k
R (resp. HH
′l/k
R ) for the composition
HH ′kR ◦ Il/k (resp. I l/k ◦HH
′k
R ). Under these notations, we have the isomorphisms:
(HH ′kR ◦HH
′k
R )(R) = HH
′k
R (HH
′k
R (R))
≃ HH ′kR (colimk/l/k(Il/k ◦ I l/k)(HH
′k
R (R)))(10.0.3)
≃ colimk/l/kHH
′k
R (Il/k(I l/k(HH
′k
R (R))))(10.0.4)
≃ colimk/l/k(HH
′l/k
R ◦HH
′l/k
R )(R) ,
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where (10.0.3) follows from Lemma 10.3 below (with N := HH ′
k
R(R)) and (10.0.4)
from the fact that HH ′kR preserves (homotopy) colimits. 
Lemma 10.3. For every object N ∈ MAM(k;R)⊕, we have an induced isomor-
phism colimk/l/k(Il/k ◦ I l/k)(N) ≃ N .
Proof. Since the inclusion functor Il/k preserves arbitrary direct sums and the tri-
angulated category MAM(l/k;R)⊕ is compactly generated, the right adjoint func-
tor I l/k also preserves arbitrary direct sums; see [2, Lem. 2.1.28]. Consequently,
it suffices to establish the above isomorphism in the particular case where N =
MR(Spec(l
′)) with k/l′/k an intermediate finite separable field extension. Choose
an intermediate finite Galois field extension k/l/k containing l′. Since the object
MR(Spec(l
′)) belongs to MAM(l/k;R)⊕, it identifies with (Il/k◦I l/k)(MR(Spec(l
′))).
This achieves the proof. 
Notation 10.4. Given an intermediate finite Galois field extension k/l/k, let us
write C(Gal(l/k), R) for the Hopf R-algebra of functions with multiplication (resp.
comultiplication) induced by the multiplication in R (resp. in Gal(l/k)).
Note that since the Galois group Gal(l/k) is finite, D(RepR(Gal(l/k))) is equiv-
alent to the derived category of comodules D(coMod(C(Gal(l/k), R))). Note also
that C0(Gal(k/k), R) identifies with the colimit colimk/l/kC(Gal(l/k), R).
Proposition 10.5. When k ⊂ C and R is a C-algebra, the associated Hopf dg alge-
braH(MAM(l/k;R)⊕) is concentrated in degree zero and agrees with C(Gal(l/k), R).
Proof. Consider the following R-linear triangulated symmetric monoidal functor
(10.0.5) MAM(l/k;R)⊕
Il/k
−→ MAM(k;R)⊕
Ψ
−→ NMAM(k;R)⊕
HHkR−→ D(R) .
By construction, it preserves arbitrary direct sums. Let l/l′/k be an intermedi-
ate separable field extension. Making use of Remark 2.2 and of the isomorphism
UR(perfdg(Spec(l
′))) ≃ UR(l′), we observe that the image of MR(Spec(l′)) under
the above functor (10.0.5) identifies with HHkR(l
′). As proved in [41, §8], we have
the following computation:
HHkn(l
′) ≃
{
k[l
′:k] when n = 0
0 otherwise .
Therefore, (10.0.5) identifies with the functor MR(Spec(l
′)) 7→ H∗dR(Spec(l
′))⊗kR,
where H∗dR stands for de Rham cohomology. Since by assumption k ⊂ C and R is a
C-algebra, the latter functor identifies also withMR(Spec(l
′)) 7→ H∗B(Spec(l
′))⊗QR,
where H∗B stands for Betti cohomology; see Grothendieck [16]. Hence, under the
equivalence of categories between MAM(l/k;R)⊕ and D(coMod(C(Gal(l/k), R))),
the above functor (10.0.5) corresponds to the forgetful functor
(10.0.6) D(coMod(C(Gal(l/k), R))
forget
−→ Mod(R)) ;
see Deligne-Milne [9, Rk. 6.18]. The preceding functor (10.0.6) clearly satisfies the
conditions of Ayoub’s weak Tannakian formalism. Using the universal property [4,
Prop. 1.55], we conclude finally that the associated Hopf dg algebra is concentrated
in degree zero and agrees with C(Gal(l/k), R). This achieves the proof. 
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By combining the above Propositions 10.2 and 10.5, we obtain the identifications:
(10.0.7) H(MAM(k;R)⊕) ≃ colimk/l/kC(Gal(l/k), R) ≃ C
0(Gal(k/k), R) .
This concludes the proof of Theorem 2.9.
11. Proof of Theorem 2.10
As in the proof of Proposition 2.5, the functor HHkR : NMix(k;R)
⊕ → D(R), as
well as its pre-composition with the following base-change functors (see §4.4)
−⊗lk : NMix(l;R)
⊕ −→ NMix(k;R)⊕ k/l/k finite Galois ,(11.0.8)
satisfies the conditions of Ayoub’s weak Tannakian formalism. Consequently, the
functors (11.0.8) give rise to an induced morphism of Hopf dg algebras:
(11.0.9) colimk/l/kH(NMix(l;R)
⊕) −→ H(NMix(k;R)⊕) .
Proposition 11.1. The above morphism (11.0.9) is invertible.
Proof. Consider the following adjunctions
NMix(k;R)⊕
Resk/l

D(R)
HHkR

NMix(l;R)⊕
−⊗lk
OO
NMix(k;R)⊕ ,
HHkR
OO
where the existence of the right adjoint Resk/l follows from the fact that − ⊗l k
preserves arbitrary direct sums and that the triangulated category NMix(l;R)⊕ is
compactly generated. We have the following isomorphisms
(HHkR ◦HH
k
R)(R) = HH
k
R(HH
k
R(R))
≃ HHkR(colimk/l/k(Resk/l(HH
k
R(R))⊗l k))(11.0.10)
≃ colimk/l/kHH
k
R(Resk/l(HH
k
R(R))⊗l k)(11.0.11)
≃ colimk/l/k(HH
l
R ◦HH
l
R)(R) ,(11.0.12)
where (11.0.10) follows from Lemma 11.2 below (with N := HHkR(R)), (11.0.11)
from the fact that HHkR preserves (homotopy) colimits, and (11.0.12) from the
natural isomorphisms Resk/l ◦HH
k
R ≃ HH
l
R and HH
k
R ◦ (− ⊗l k) ≃ HH
l
R. 
Lemma 11.2. For every object N ∈ NMix(k;R)⊕, we have an induced isomor-
phism colimk/l/k(Resk/l(N) ⊗l k) ≃ N , where the colimit is taken over the inter-
mediate finite Galois field extensions.
Proof. In order to simplify the exposition, we will omit the underscripts of Hom.
It will be clear from the context which category we are considering. Since the base-
change functor − ⊗l k preserves compact objects and the triangulated category
NMix(l;R)⊕ is compactly generated, the functor Resk/l preserves arbitrary direct
sums; see [2, Lem. 2.1.28]. Consequently, the functor colimk/l/kResk/l(−)⊗l k also
preserves arbitrary direct sums. Thanks to the Yoneda Lemma and to the fact that
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{UR(A) | A ∈ dgcatsp(k)} is a set of compact generators of NMix(k;R)
⊕, it suffices
then to show that the induced morphisms
Hom(UR(A)[n], colimk/l/k(Resk/l(UR(B))⊗l k)) −→ Hom(UR(A)[n], UR(B))
are invertible for every A,B ∈ dgcatsp(k) and n ∈ Z. Since k ≃ colimk/l/kl, there
exists an intermediate finite Galois field extension k/l0/k and a smooth proper dg
category A0 ∈ dgcatsp(l0) such that A0 ⊗l0 k is Morita equivalent to A. We can
(and will) assume without loss of generality that l0 = k. The proof follows now
from the following sequence of isomorphisms:
Hom(UR(A)[n], colimk/l/k(Resk/l(UR(B))⊗l k))
≃ colimk/l/kHom(UR(A0)[n]⊗k l ⊗l k,Resk/l(UR(B))⊗l k)(11.0.13)
≃ colimk/l/kcolimk/l′/lHom(UR(A0)[n]⊗k l
′,Resk/l(UR(B))⊗l l
′)(11.0.14)
≃ colimk/l/kHom(UR(A0)[n]⊗k l,Resk/l(UR(B)))(11.0.15)
≃ colimk/l/kHom(UR(A0)[n]⊗k l ⊗l k, UR(B))
≃ Hom(UR(A)[n], UR(B)) .
Some explanations are in order: (11.0.13) follows from the compactness of the
object UR(A)[n] and from the Morita equivalence A0 ⊗k k ≃ A; (11.0.14) follows
from Sublemma 11.3 below (with N1 := UR(A0)[n]⊗k l and N2 := Resk/l(UR(B)));
and finally (11.0.15) follows from the cofinal functor k/l/k 7→ (k/l/k, k/l/l). 
Sublemma 11.3. Given a field extension k/l and objects N1, N2 ∈ NMix(l;R)⊕,
we have an induced isomorphism
colimk/l′/lHom(N1 ⊗l l
′, N2 ⊗l l
′)
∼
−→ Hom(N1 ⊗l k,N2 ⊗l k) ,
where the colimit is taken over the intermediate finite Galois field extensions.
Proof. As in the proof of the preceding Lemma 11.2, it suffices to show that
colimk/l′/lHom(UR(A)[n]⊗l l
′, UR(B)⊗l l
′) −→ Hom(UR(A)[n]⊗l k, UR(B)⊗l k)
is an isomorphism for every A,B ∈ dgcatsp(l) and n ∈ Z. Thanks to Proposition
4.4, the left-hand side identifies with colimk/l′/lKn((A
op ⊗ B)⊗l l′) and the right-
hand side with Kn((Aop ⊗ B)⊗l k). The proof follows now from the isomorphism
colimk/l′/ll
′ ≃ k and from the fact that Kn(−) preserves filtered colimits. 
Corollary 11.4. The sequence of Hopf dg algebras of Theorem 2.10
C0(Gal(k/k), R) −→ H(NMix(k;R)⊕) −→ H(NMix(k;R)⊕)
identifies with the following filtrant colimit of Hopf dg algebras
colimk/l/k
(
C(Gal(l/k), R) −→ H(NMix(k;R)⊕) −→ H(NMix(l;R)⊕)
)
,
where the colimit is taken over the intermediate finite Galois field extensions. The
first maps are induced by the functor Ψ : MAM(l/k;R)⊕ → NMix(k;R)⊕ and the
second ones by the base-change functors −⊗k l : NMix(k;R)⊕ → NMix(l;R)⊕.
Proof. It follows from the combination of Propositions 10.2 and 11.1 with the above
identifications (10.0.7). 
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Proposition 11.5. Given an intermediate finite Galois field extension k/l/k, we
have the following short exact sequence of Hopf dg algebras
(11.0.16) 1 −→ C(Gal(l/k), R) −→ H(NMix(k;R)⊕) −→ H(NMix(l;R)⊕) −→ 1 ,
where the first map is induced by the functor Ψ : MAM(l/k;R)⊕ → NMix(k;R)⊕
and the second one by the base-change functor −⊗kl : NMix(k;R)⊕ → NMix(l;R)⊕.
Proof. We need to show that the first map is injective, that the second one is
surjective, that the composition is given by the counit followed by the unit, and that
H(NMix(l;R)⊕) ≃ H(NMix(k;R)⊕)⊗C(Gal(l/k),R) R .
Given an element σ ∈ Gal(l/k), consider the following base-change equivalence
σ(−) : dgcat(l)
≃
−→ dgcat(l) A 7→ A⊗k,σ l .(11.0.17)
As explained in §4.4, (11.0.17) gives rise to a triangulated symmetric monoidal
equivalence (which we still denote by σ(−)) making the following diagram commute:
(11.0.18) dgcat(l)
UR

σ(−) // dgcat(l)
UR

NMix(l;R)⊕
σ(−)
// NMix(l;R)⊕ .
Under these notations, we have the following isomorphisms:
(HHkR ◦HH
k
R)(R) = HH
k
R(HH
k
R(R))
≃ HH lR(Resl/k(HH
l
R(R))⊗k l)(11.0.19)
≃ HH lR(⊕σ∈Gal(l/k)
σHHlR(R))(11.0.20)
≃ ⊕σ∈Gal(l/k)HH
l
R(
σHHlR(R)) ,(11.0.21)
where (11.0.19) follows from the natural isomorphisms Resl/k ◦HH
l
R ≃ HH
k
R and
HH lR ◦ (−⊗k l) ≃ HH
k
R, (11.0.20) from Lemma 11.6 below (with N := HH
l
R(R)),
and (11.0.21) from the fact that HH lR preserves direct sums. Now, following §10,
let us write HH
′l/k
R for the composed functor (10.0.5) and HH
′l/k
R for its right
adjoint. Under these notations, we have the following isomorphisms:
(HH
′l/k
R ◦HH
′l/k
R ) = HH
′l/k
R (HH
′l/k
R (R))
≃ HH
′l/k
R (MR(Spec(l)))(11.0.22)
≃ HH lR(UR(l)⊗k l)(11.0.23)
≃ HH lR(⊕σ∈Gal(l/k)
σUR(l))(11.0.24)
≃ ⊕σ∈Gal(l/k)HH
l
R(
σUR(l)) .(11.0.25)
Some explanations are in order: (11.0.22) follows from Lemma 11.7 below; (11.0.23)
from Remark 2.2 and isomorphism UR(perfdg(Spec(l))) ≃ UR(l); (11.0.24) from the
combination of the commutative diagrams (4.4.2) and (11.0.18) with the canonical
isomorphism l⊗k l ≃
∏
σ∈Gal(l/k)
σl; and (11.0.25) from the fact thatHH lR preserves
direct sums. Under the above isomorphisms, the above sequence of Hopf dg algebras
(11.0.16) identifies with
⊕σ∈Gal(l/k)HH
l
R(
σUR(l))→ ⊕σ∈Gal(l/k)HH
l
R(
σHHlR(R))→ (HH
l
R ◦HH
l
R)(R) ,
22 GONC¸ALO TABUADA
where the first map is the direct sum (indexed by σ ∈ Gal(l/k)) of the units of the
Hopf dg algebras HH lR(
σHHlR(R)) and the second map is the projection onto the
factor 1 ∈ Gal(l/k). The proof follows now automatically from this description. 
Lemma 11.6. For every object N ∈ NMix(l;R)⊕, we have a canonical isomor-
phism Resl/k(N)⊗k l ≃ ⊕σ∈Gal(l/k)
σN .
Proof. Note first that the functor −⊗k l admits a right adjoint
(−)k : dgcat(l) −→ dgcat(k) A 7→ Ak .(11.0.26)
Clearly, the functor (11.0.26) preserves Morita equivalences, filtered colimits, and
short exact sequences of dg categories. Since the field extension l/k is in particular
finite and separable, the functor (11.0.26) preserves moreover the smooth proper
dg categories; see [27, Prop. 7.5]. Making use of the equivalence (4.3.1), we hence
obtain a triangulated functor (which we still denote by (−)k) making the left-hand
side diagram commute and fitting into the right-hand side adjunction:
(11.0.27) dgcatsp(l)
UR

(−)k // dgcatsp(k)
UR

NMix(l;R)⊕
(−)k

NMix(l;R)⊕
(−)k
// NMix(k;R)⊕ NMix(k;R)⊕ .
−⊗kl
OO
In particular, Resl/k ≃ (−)k. Since (−)k preserves arbitrary direct sums, it suffices
then to show that Resl/k(UR(A))⊗k l is isomorphic to ⊕σ∈Gal(l/k)
σUR(A) for every
A ∈ dgcatsp(l). Consider the following isomorphisms:
Resl/k(UR(A))⊗k l ≃ UR(A⊗k l)k ⊗k l
≃ UR((A⊗l l)k)⊗k l(11.0.28)
≃ UR(A⊗l (l ⊗k l))(11.0.29)
≃ ⊕σ∈Gal(l/k)
σUR(A) ,(11.0.30)
where (11.0.28) follows from the commutativity of the left-hand side of (11.0.27),
(11.0.29) from the commutative diagram (4.4.2), and (11.0.30) from the combi-
nation of the isomorphism l ⊗k l ≃
∏
σ∈Gal(l/k)
σl with the commutative diagram
(11.0.18). This achieves the proof. 
Lemma 11.7. We have an isomorphism HH
′l/k
R (R) ≃MR(Spec(l)).
Proof. In order to simplify the exposition we will omit the underscripts of Hom. It
will be clear from the context which category we are considering. Let l/l′/k be an
intermediate separable field extension and n ∈ Z. Since HH
′l/k
R preserves arbitrary
direct sums, it suffices to show that the R-modules
Hom(MR(Spec(l
′)),MR(Spec(l))) Hom(HH
′l/k
R (MR(Spec(l
′))), R)(11.0.31)
are isomorphic. As explained in the proof of Proposition 10.5, the right-hand side
identifies with HomD(R)(R
[l′:k], R) ≃ R[l
′:k]. In what concerns the left-hand side, it
identifies with CH0(Spec(l′)×Spec(l))R ≃ K0(l′⊗k l)R. Let us denote by H ′ (resp.
H) the closed subgroup of G := Gal(k/k) such that l′ = k
H′
(resp. l = k
H
). Since
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the subgroupH is normal and H ⊂ H ′, Galois theory gives rise to the isomorphisms
l′ ⊗k l ≃ k
H′
⊗k k
H
≃
∏
σ∈H′\G/H
k
H′∩(σ−1Hσ)
=
∏
σ∈H′\G/H
k
H
≃
∏
σ∈H′\G
l ≃ l[l
′:k] ,
where H ′\G/H stands for the set of double cosets. Consequently, we conclude that
the left-hand side of (11.0.31) identifies with K0(l
[l′:k])R ≃ Z[l
′:k] ⊗Z R ≃ R[l
′:k].
This concludes the proof. 
We now have all the ingredients necessary to prove Theorem 2.10. When the
field extension k/k is finite, the proof follows from Proposition 11.5. Otherwise, it
follows from combination of Proposition 11.5 with Corollary 11.4.
Remark 11.8. The above proofs of Proposition 2.5 and Theorems 2.7-2.10 hold
mutatis mutandis with NMix(k;R) replaced by its localizing variant NMixL(k;R)
and A1-homotopy variant NMixA1(k;R); see Remark 4.7.
References
[1] J. F. Adams, Stable homotopy and generalised homology. Chicago Lectures in Mathematics.
University of Chicago Press, Chicago, Ill.-London, 1974. x+373 pp.
[2] J. Ayoub, Les six ope´rations de Grothendieck et le formalisme des cycles e´vanescents dans
le monde motivique. I. Aste´risque No. 314 (2007), x+466 pp. (2008).
[3] , Les six ope´rations de Grothendieck et le formalisme des cycles e´vanescents dans le
monde motivique. II. Aste´risque No. 315 (2007), vi+364 pp. (2008).
[4] , L’alge`bre de Hopf et le groupe de Galois motiviques d’un corps de caracte´ristique
nulle, I. Available at http://user.math.uzh.ch/ayoub. To appear in Journal fur die reine
und angewandte Mathematik.
[5] , L’alge`bre de Hopf et le groupe de Galois motiviques d’un corps de caracte´ristique
nulle, II. Available at http://user.math.uzh.ch/ayoub. To appear in Journal fur die reine
und angewandte Mathematik.
[6] S. Bloch, Algebraic cycles and higher K-theory. Adv. Math. 61 (3) (1986), 267–304.
[7] A. Borel, Stable real cohomology of arithmetic groups. Ann. scient. E´c. Norm. Sup. 4e se´rie
7 (1974), p. 235–272.
[8] D.-C. Cisinski and G. Tabuada, Symmetric monoidal structure on noncommutative motives.
Journal of K-Theory 9 (2012), no. 2, 201–268.
[9] P. Deligne and J. S. Milne, Tannakian Categories. In Hodge Cycles, Motives, and Shimura
Varieties, Lecture Notes in Mathematics 900, 1982, pp. 101–228. Available at J. S. Milne’s
webpage http://www.jmilne.org/math/xnotes/tc.html.
[10] V. Drinfeld, DG quotients of DG categories. J. Algebra 272 (2004), 643–691.
[11] D. Dugger and B. Shipley, K-theory and derived equivalences. Duke Math. J. 124 (2004), no.
3, 587–617.
[12] G. Garkusha and I. Panin, K-motives of algebraic varieties. Homology Homotopy Appl. 14
(2012), no. 2, 211–264.
[13] D. Gepner and V. Snaith, On the motivic spectra representing algebraic cobordism and alge-
braic K-theory. Doc. Math. 14 (2009), 359–396.
[14] H. Gillet and C. Soule´, Motivic weight complexes for arithmetic varieties. J. Algebra 322
(2009), no. 9, 3088–3141.
[15] P. Goerss and J. Jardine, Simplicial homotopy theory. Progress in Mathematics, 174.
Birkhuser Verlag, Basel, 1999. xvi+510 pp.
[16] A. Grothendieck, On the de Rham cohomology of algebraic varieties. Inst. Hautes E´tudes
Sci. Publ. Math. 29 (1966), 95–103.
[17] P. Hirschhorn, Model categories and their localizations. Mathematical Surveys and Mono-
graphs 99. American Mathematical Society, Providence, RI, 2003.
[18] M. Hovey, Model categories. Mathematical Surveys and Monographs 63. American Mathe-
matical Society, Providence, RI, 1999.
[19] M. Hovey, B. Shipley and J. Smith, Symmetric spectra. J. AMS 13 (2000), no. 1, 149–208.
24 GONC¸ALO TABUADA
[20] B. Keller, On differential graded categories. International Congress of Mathematicians
(Madrid), Vol. II, 151–190, Eur. Math. Soc., Zu¨rich, 2006.
[21] M. Kontsevich, Triangulated categories and geometry. Course at the E´cole Normale
Supe´rieure, Paris, 1998. Notes available at www.math.uchicago.edu/mitya/langlands.html
[22] M. Kontsevich, Mixed noncommutative motives. Talk at the Workshop on Homological Mirror
Symmetry, Miami, 2010. Notes available at www-math.mit.edu/auroux/frg/miami10-notes.
[23] , Non-commutative motives. Talk at the Institute for Advanced Study, October 2005.
Video available at http://video.ias.edu/Geometry-and-Arithmetic.
[24] , Notes on motives in finite characteristic. Algebra, arithmetic, and geometry: in
honor of Yu. I. Manin. Vol. II, 213–247, Progr. Math., 270, Birkhuser Boston, MA, 2009.
[25] J. Lurie, Higher topos theory. Annals of Mathematics Studies, 170. Princeton University
Press, Princeton, NJ, 2009. xviii+925 pp.
[26] , Higher algebra. Available at http://www.math.harvard.edu/lurie.
[27] M. Marcolli and G. Tabuada, Noncommutative Artin motives. Selecta Math. (N.S.) 20 (2014),
no. 1, 315–358.
[28] , Noncommutative motives, numerical equivalence, and semi-simplicity. Amer. J.
Math. 136 (2014), no. 1, 59–75.
[29] , Kontsevich’s noncommutative numerical motives. Compos. Math. 148 (2012), no.
6, 1811–1820.
[30] , Noncommutative numerical motives, Tannakian structures, and motivic Galois
groups. Available at arXiv:1110.2438. To appear in Journal of the European Math. Soc.
[31] , Noncommutative motives and their applications. Available at arXiv:1311.2867. To
appear in MSRI publications.
[32] R. McCarthy, A chain complex for the spectrum homology of the algebraic K-theory of an
exact category. Algebraic K-theory (Toronto, ON, 1996), pages 199–220, Fields Inst. Comm.
16, American Math. Soc., Providence.
[33] A. Neeman, Triangulated categories. Annals of Math. Studies 148, Princeton Univ., 2001.
[34] J. Pridham, Tannaka duality for enhanced triangulated categories. Available at
arXiv:1309.0637.
[35] J. Riou, Algebraic K-theory, A1-homotopy and Riemann-Roch theorems. J. Topol. 3 (2010),
no. 2, 229–264.
[36] O. Ro¨ndigs, M. Spitzweck, and P. A. Østvær, Motivic strict ring models for K-theory. Proc.
AMS 138 (2010), no. 10, 3509-3520.
[37] O. Ro¨ndigs and P. A. Østvær, Modules over motivic cohomology. Adv. Math. 219 (2008),
no. 2, 689–727.
[38] D. Quillen, Homotopical algebra. Lecture Notes in Mathematics 43, Springer-Verlag, 1967.
[39] , Higher algebraic K-theory. I. Algebraic K-theory, I: Higher K-theories (Proc. Conf.,
Battelle Memorial Inst., Seattle, Wash., 1972), pp. 85–147. Lecture Notes in Math., Vol. 341,
Springer, Berlin 1973.
[40] S. Schwede and B. Shipley, Stable model categories are categories of modules. Topology 42
(2003), no. 1, 103–153.
[41] G. Tabuada, Additive invariants of toric and twisted projective homogeneous varieties via
noncommutative motives. J. Algebra 417 (2014), 15–38.
[42] , Voevodsky’s mixed motives versus Kontsevich’s noncommutative mixed motives.
Adv. Math. 264 (2014), 506–545.
[43] , Chow motives versus versus noncommutative motives. Journal of Noncommutative
Geometry 7, Issue 3 (2013), 767–786.
[44] , A guided tour through the garden of noncommutative motives. Clay Mathematics
Proceedings, Volume 16 (2012), 259–276.
[45] , Higher K-theory via universal invariants. Duke Math. J. 145 (2008), no. 1, 121–206.
[46] , Invariants additifs de dg-cate´gories. Int. Math. Res. Not. 53 (2005), 3309–3339.
[47] , A1-homotopy theory of noncommutative motives. To appear in Journal of Noncom-
mutative Geometry. Available at arXiv:1402.4432.
[48] Y. Takeda, Complexes of exact Hermitian cubes and the Zagier conjecture. Math. Ann. 328
(2004), no. 1-2, 87–119.
[49] V. Voevodsky, Triangulated categories of motives over a field. Cycles, transfers, and motivic
homology theories, Annals of Mathematics Studies, vol. 143, Princeton University Press,
Princeton, NJ, 2000, 188–238.
NC MIXED (ARTIN) MOTIVES AND THEIR MOTIVIC HOPF DG ALGEBRAS 25
[50] F. Waldhausen, Algebraic K-theory of spaces. Algebraic and geometric topology (New
Brunswick, N. J., 1983), 318–419, Lecture Notes in Math., 1126, Springer, Berlin, 1985.
[51] J. Wildeshaus, Notes on Artin-Tate motives. Available at arXiv:0811.4551.
[52] C. Weibel, The K-book. An introduction to algebraic K-theory. Graduate Studies in Mathe-
matics, 145. American Mathematical Society, Providence, RI, 2013. xii+618.
[53] , The Hodge filtration and cyclic homology. K-Theory 12 (1997), no. 2, 145–164.
Gonc¸alo Tabuada, Department of Mathematics, MIT, Cambridge, MA 02139, USA
E-mail address: tabuada@math.mit.edu
URL: http://math.mit.edu/~tabuada
